We introduce symplectic uniruled caps to present a unified picture to the existing finiteness results on the topological invariants of Stein fillings of a contact 3-manifold. As a byproduct, we find new classes of contact 3-manifolds with the finiteness property and extend Wand's obstruction of planar contact 3-manifolds to uniruled contact structures with complexity zero. Moreover, we introduce the notion of Calabi-Yau cap and apply it to find infinitely many Stein fillable contact 3-manifolds with uniform bounds on the Betti numbers of its Stein fillings but admitting strong fillings of arbitrarily large b 2 .
Introduction
Understanding symplectic fillings of a given contact 3-manifold (Y, ξ) is a very active research area. An ultimate goal is to classify all the Stein (or minimal strong symplectic) fillings of a given contact manifold (Y, ξ). The first step towards this goal is to understand whether the given (Y, ξ) has finitely many or infinitely many Stein (or minimal strong symplectic) fillings. There are many known contact 3-manifolds with infinitely many Stein fillings up to diffeomorphism ( [42] , [4] , [3] , [7] , [5] , [13] , [55] , etc). On the other hand, a few families of contact 3-manifolds that admit finitely many Stein fillings are found ( [33] , [43] , [45] , [24] , [21] , [30] , etc). For minimal strong fillings, Ohta, Ono and others have systematically investigated the links of isolated singularities ( [35] , [36] , [37] , [38] , [9] etc), and established uniqueness/finiteness/infiniteness for different classes of singularities.
To be less ambitious, one would like to know whether the finiteness holds for topological invariants (e.g. the Euler characteristics e and signature σ) of Stein or minimal strong fillings (cf. [46] ). From now on, we call a contact 3-manifold (Y, ξ) of finite (resp. strong finite) type if there are only finitely many possible values of the tuple (b 1 , b 2 , b 3 ) of Betti numbers for all of its Stein (resp. minimal strong) fillings. Note that this finiteness of Betti numbers guarantees the finiteness of e and σ. Planar contact 3-manifolds (i.e. contact 3-manifolds supported by open books of page genus zero) give a class of finite type examples ( [23] ), but they are not all.
In this paper, we introduce certain classes of caps for contact 3-manifolds to unify several known finiteness results into a single picture. Along the way, we will give some alternative proofs for these known results and try to strengthen them. All contact manifolds in this paper are assumed to be dimension three and have co-oriented contact structures. We remark that since [(ω, α)] is a relative class, [c 1 (P )] · [(ω, α)] is welldefined. Stein fillings of a non-prime contact 3-manifold always split as the boundary connected sum of Stein fillings of its prime pieces ( [12] , [15] ). Therefore, prime contact 3-manifolds are sufficient for the study of the finiteness properties of Stein fillings. We would like to point out that to the best of our knowledge, all known finite type prime contact 3-manifolds have a uniruled cap. For example, any planar contact 3-manifold admits a uniruled cap (see Corollary 2.11) .
We show that any uniruled cap indeed restricts the topology of strong fillings of its concave boundary. Theorem 1.2. Suppose a contact 3-manifold (Y, ξ) admits a uniruled cap (P, ω P ). Then for any strong symplectic filling N of (Y, ξ), the closed symplectic 4-manifold obtained by gluing P to N along (Y, ξ) is uniruled (i.e. rational or ruled), and N satisfies b
Moreover, for simply connected Stein fillings, we can strengthen the finiteness. Corollary 1.5. Suppose (Y, ξ) is uniruled. Then (Y, ξ) has at most finitely many simply connected Stein fillings up to homeomorphism.
There is another type of caps, which we call adjunction caps, having similar properties as uniruled caps, including Theorem 1.2 and all the corollaries above. and every planar contact 3-manifold also has an adjunction cap (see [17] , cf. Corollary 2.11). For uniruled/adjunction caps we conjecture that the Stein condition could be removed in Corollaries 1.4 and 1.5.
Finally, we introduce one more interesting class of caps, the CalabiYau caps. They are never uniruled, and there are contact manifolds not admitting uniruled caps but admitting Calabi-Yau caps. However, we show that the finiteness in Corollaries 1.4 and 1.5 are still valid for those caps. • (Y, ξ) has at most finitely many simply connected Stein fillings up to homemorphism.
On the other hand, we also show that the Stein condition is necessary for Theorem 1.6. This has the following surprising consequence (See a related construction in [38] ). Theorem 1.7. There exist infinitely many Stein fillable contact 3-manifolds such that each of them is of finite type but not of strong finite type.
The remaining of the paper is organized as follows. Section 2 is about uniruled caps and adjunction caps. In 2.1, we prove the fundamental property of uniruled caps and define the genus invariants. In 2.2, we give some hand-on examples for uniruled caps and the calculation of their genus invariants. We complete the proof of Theorem 1.2 as well as many of the corollaries in 2.3 and a discussion relating previous known finite type contact manifolds is included. In 2.4, we introduce adjunction caps and show that they share similar properties with unruled caps. In 2.5, we give many examples of uniruled/adjunction caps as well as open books supporting their concave boundary. In Section 3, we introduce Calabi-Yau caps and establish Theorem 1.6 and Theorem 1.7. Finally, further discussion together with some speculations are in Section 4.
When preparing the manuscript, we were informed that there are substantial overlap of Corollary 1.4, Proposition 2.29 and Proposition 3.4 with recent results by Baykur, Monden and Van Horn-Morris, which were obtained earilier and from different point of view.
Uniruled caps and adjunction caps
To motivate the definition of a uniruled cap, we recall a Theorem in [32] .
rational or ruled).
Therefore, uniruled caps are the counterpart of uniruled manifolds for compact symplectic manifolds with boundary.
Properties and Genus Invariants
We first give the proof of the first half of Theorem 1.2, which we state here as a proposition. Proposition 2.2. (first half of Theorem 1.2) Suppose a contact 3-manifold (Y, ξ) admits a uniruled cap (P, ω P ). Then for any strong symplectic filling N of (Y, ξ), the closed symplectic 4-manifold X obtained by gluing P to N along (Y, ξ) is uniruled, b + 2 (N ) = 0 and there is a uniform bound on b 1 (X), independent of N .
One can see why we define uniruled caps but not uniruled fillings from the proof of Proposition 2.2 below.
Proof of Proposition 2.2. Let (P, ω P ) be a uniruled cap with a Liouville contact form α P making c 1 (P ) · [(ω P , α P )] > 0. For a strong symplectic filling (N, ω N ) of (Y, ξ), we have a Liouville contact form α N on ∂N making (∂N, ker(α N )) contactomorphic to (Y, ξ). We identify (∂N, ker(α N )) and (∂P, ker(α P )) by a contactomorphism. When t > 0 is large, we can glue (N, ω N , α N ) and (P, tω P , tα P ) by inserting part of the symplectization (SY, ω SY , α SY ) of Y ( [16] ). Notice that α SY is a globally defined primitive of ω SY on SY and coincide with α N and tα P on its two boundary components, respectively. Let the resulting manifold be (X, ω), which is the union of N , SY and P . By multiplying a cutoff function and by abuse of notation, we can assume α SY is supported in a closed neighborhood of SY ⊂ X.
which is simply the sum of the pairings from the cap and the filling, where α c N and α c P are 1-forms compactly supported near ∂N and ∂P , respectively, such that α c N | ∂N = α N | ∂N and α c P | ∂P = α P | ∂P . When t is taken to be sufficiently large, [c 1 (X)] · [ω] > 0 and hence X is uniruled and thus b + 2 (X) = 1, by Theorem 2.1. Now, we want to give an upper bound of b 1 . We have [(ω P , α P )] 2 = P ω∧ω− ∂P ω∧α, where the boundary is oriented by the Stokes orientation. Since P is a cap, the Stokes orientation is different from the orientation induced by the co-oriented contact structure. Therefore, both P ω ∧ ω and − ∂P ω ∧ α are positive and hence [(ω P , α P )] 2 > 0. In particular, b On the other hand, we can find a closed oriented embedded surface S in P with genus g and homology class being the Lefschetz dual of c[(ω P , α P )] for some constant c, by possibly perturbing [(ω P , α P )] to a rational class (cf. [22] , Remark 1.2.4). Then [S] 2 > 0. Suppose (N, ω N ) is any strong filling of (Y, ξ) and it is glued with (P, ω P ) to get X. Then S represents a non-trivial homology class in X. Since X is uniruled, we can project S to the base. The fact that [S] 2 > 0 implies the projection is surjective and hence the base genus of X is less than or equal to g. Since the genus of S is independent of N , it induces a uniform upper bound for b 1 (X) independent of N .
It is immediate from the proof of Proposition 2.2 that we have the following corollary.
Corollary 2.3. Let (W, ω W ) be a strong cobordism and (P, ω P ) a uniruled cap. If the positive end (∂ + W, ker(α W )) of (W, ω W ) is contactomorphic to (∂P, ker(α P )), then there is a symplectic form ω on the glued manifold W ∪P making it a uniruled cap and ω| W = ω W .
Proof. Since (∂ + W, ker(α W )) is contactomorphic to (∂P, ker(α P )), (W, ω W ) and (P, tω P ) can be glued symplectically by inserting part of the symplectization of (∂ + W, ker(α W )) for some large t. Further, when t is chosen to be possibly larger, this glued symplectic manifold is a uniruled cap, by the same reason as in the proof of Proposition 2.2.
We define the following genus invariants for uniruled caps.
Definition 2.4. For a uniruled cap P , its maximal (resp. minimal) base genus g max (P ) (resp. g min (P )) is the maximal (resp. minimal) base genus (i.e. 2 ) of the closed uniruled manifolds obtained by gluing strong fillings to the boundary of P . The base genus difference g ∆ (P ) is defined to be g max (P ) − g min (P ). If there is no strong filling for the boundary of the cap, g max (P ), g min (P ) and g ∆ (P ) are defined to be −∞. The surface genus g s (P ) of P is the minimal genus of a closed oriented surface smoothly embedded in P whose self-intersection number is positive.
Immediately, we have the following lemma.
Corollary 2.5. For any uniruled cap (P, ω P ), g s (P ) is finite and we have g s (P ) ≥ g max (P ) ≥ g min (P ).
Proof. The bounds g max (P ) ≤ g s (P ) < ∞ of g s (P ) is contained at the end of the proof of Proposition 2.2.
There are various natural questions regarding to the relations for these invariants. In particular, we are interested in what non-negative integers triple can be realized by (g s (P ), g max (P ), g min (P )). We are going to see many examples of uniruled caps with different triples.
Preliminary Examples
We first give a sufficient criterion to detect uniruled caps. Lemma 2.6. Suppose (P, ω P ) is a cap with a closed embedded symplectic surface S not intersecting ∂P , [S] 2 ≥ 0 and c 1 (P )[S] > 0. Then, after a symplectic deformation, (P, ω ′ P ) is a uniruled cap for the same contact manifold.
Proof. Since S is smoothly embedded symplectic surface with non-negative self-intersection, we can do inflation ( [26] , [31] ) along S to deform the symplectic form. This gives a family of symplectic form ω t on P such that
), where ι * : H 2 (P, ∂P ; R) → H 2 (P ; R) is the natural map and P D denotes the Lefschetz dual. Let α be a choice of Liouville contact form on ∂P with respect to ω. Then, α is also a Liouville contact form on ∂P with respect to ω t since inflation is local. Then,
Hence, we can find ω ′ P such that (P, ω ′ P ) is a uniruled cap of the same contact manifold.
First Chern class and the class of symplectic form are completely understood if the cap is a plumbing of a symplectic configuration. This will give another family of uniruled caps.
A symplectic divisor D = C 1 ∪ · · · ∪ C k in a symplectic manifold (X, ω) is a collection of closed embedded symplectic surfaces C i such that every intersection between any two C i 's are positive and transversal and no three of the distinct C i 's intersect at a common point. If every intersection is also ω-orthogonal, then we call D an ω-orthogonal divisor. To each sympletic divisor, one can associate its augmented graph. The augmented graph (Γ, g, s, a) (or simply denoted as (Γ, a) if no confusion would arise) is a weighted finite graph with vertices representing the surfaces and each edge joining two vertices representing an intersection between the two surfaces corresponding to the two vertices. Moreover, each vertex v i is weighted by its genus (a non-negative integer g i ), its self-intersection number (an integer s i ) and its symplectic area (a positive real number a i ). The intersection matrix associated to (Γ, g, s, a) is denoted by Q Γ . Definition 2.7. Suppose (Γ, a) is an augmented graph with k vertices with a = (a 1 , . . . , a k ). Then, we say that (Γ, a) satisfies the positive (resp. negative) GS criterion if there exist z ∈ (0, ∞) k (resp (−∞, 0] k ) such that Q Γ z = a. In either case, we say that (Γ, a) satisfies the GS criterion.
For a symplectic divisor D in (X, ω), the associated augmented graph is denoted by (Γ D , a). We call that (D, ω) has a concave (resp. convex) neighborhood P (D) if P (D) is a strong capping (resp. strong filling) of its boundary. If in every neighborhood N of (D, ω), there is a concave (resp. convex) neighborhood P (D) ⊂ N , then we call (D, ω) a concave (resp. convex) divisor.
We recall two Theorems in [30] .
is a concave (resp. convex) divisor if and only if (Γ D , a) satisfies the positive (resp. negative) GS criterion.
Theorem 2.9. Let D ⊂ (X, ω 0 ) be a symplectic divisor. If the intersection form of D is not negative definite and ω 0 restricted to the boundary of plumbing of D is exact, then ω 0 can be deformed through a family of symplectic form ω t making D a symplectic divisor for each t and such that (D, ω 1 ) is a concave divisor. Moroever, the contact structure constructed on the boundary of the concave neighborhood depends only on the graph of D. Having the Theorems above, to determine whether a neighborhood of a symplectic divisor gives a uniruled cap is a purely linear algebraic computation.
g max
In this subsubsection, we give several examples with g max (P ) = 0, which in particular implies g min (P ) = 0.
Corollary 2.11. Every strongly fillable planar contact 3-manifold admits a uniruled cap (P, ω P ) with g s (P ) = 0. In particular, we have g max (P ) = g min (P ) = 0.
Proof. In [17] , it is observed that every planar open book has a cap with an embedded self-intersection 0 symplectic sphere S inside. By Lemma 2.6, it has a uniruled cap. Moreover, the construction in [17] gives another smoothly embedded sphere S 2 of self-intersection k intersecting S positively transversally once. Therefore, by resolving n disjoint representatives of [S] and S 2 , we get a sphere of positive self-intersection in the cap, when n is sufficiently large.
Proof. Notice that (T 3 , ξ std ) is the circle bundle of a Lagrangian T 2 with contact structure the same as the one induced by the canonical Liouville flow of a Lagrangian torus. We can embed a Lagrangian torus in CP 2 as a fibre of a toric moment map. Then the complement of a neighborhood of a Lagrangian toric fiber is a plumbing of three complex lines and hence a uniruled cap, by Lemma 2.6. Example 2.13.
We can form an augmented graph as above with the numbers above the vertices being the self-intersection numbers. Genera are zero and symplectic area are not specified. In particular, the boundary of the plumbing is a rational homology sphere and we can identify the absolute second homology group with the relative second holomogy group. Since each vertex represent a symplectic surface, the first Chern class can be calculated using adjunction formula. In this case, When n = 3, 4, 5, the intersection form associated to the symplectic divisor is not negative definite and non-degenerate. Therefore, Theorem 2.9 implies this symplectic divisor is concave for some choice of ω. Moreover, [c 1 ] · [ω] > 0 and hence it gives a uniruled cap.
On the other hand, it is easy to find a surface of genus 1 with selfintersection 6 − n by repeating blowing down so g s (P ) ≤ 1. If we choose an almost complex structure J making the configuration J-holomorphic, then we get a (2, 3)-cusp curve with self-intersection 6 − n by repeating blowing down. This is the image of a sphere so we can apply the same reasoning in proving g s (P ) ≥ g max (P ) to conclude that g max (P ) = 0.
This subsubsection gives examples with g max (P ) = g min (P ) > 0.
Lemma 2.14. Let D ⊂ (X, ω) be a symplectic divisor with a symplectic sphere C 1 of self-intersection 0 and a symplectic genus g surface C 2 intersecting C 1 once. Suppose X is a closed symplectic manifold and ω is exact on the boundary of a plumbing. Then there exists a plumbing (P (D), ω) which is a uniruled cap with g max (P (D)) = g min (P (D)) = g, possibly after a symplectic deformation.
Proof. By [26] , X is ruled and C 1 represent a fiber. Since C 2 intersect C 1 transversally and positively once (See the Definition of symplectic divisor above), the projection from C 2 to the base is degree 1. Therefore, the genus of the base is the same as that of C 2 , which is g. Moreover, D has a concave neighborhood P (D) by Theorem 2.9 and Remark 2.10, possibly after a symplectic deformation. Furthermore, P (D) can be chosen to be uniruled by Lemma 2.6, possibly after a symplectic deformation.
It is easy to give examples satisfying the assumption in Lemma 2.14. We can take D to be the union of a fiber and a section of an S 2 −bundle. A more general construction is taking X to be blown up of an S 2 −bundle and D can be taken to be the proper transform (or total transform, or mixed) of the union of a fiber and a section.
It is also interesting to have examples with g max (P ) > g min (P ) = 0. A tubular neighborhood of a symplectic genus g (g > 0) surfaces with appropriate self-intersection greater than 2g − 2 give a family of examples (cf. Lemma 2.6 and Theorem 2.9). Another family of examples is given in the proof of the following lemma.
Lemma 2.15. For any non-negative integer n, there exist a uniruled cap (P, ω P ) such that it can be symplectically embed in a ruled manifold with base genus j for all 0 ≤ j ≤ n. Moreover, one has g max (P ) = n and g min (P ) = 0.
Proof. Let (X j , ω j ) be a family of closed symplectic manifolds for j = 0, 1, . . . , n that to be determined. Let C j 1 ⊂ X j be a symplectic sphere of self-intersection 0. Let C j 2 ⊂ X j be a symplectic surface of genus 2n which intersects C j 1 at distinct two points positively and transversally with self-intersection K ≤ 4. By Theorem 2.9 and Remark 2.10,
is a concave divisor after possibly deforming ω j .
To prove the lemma, the first step is to find a family of symplectic ruled manifolds (X j , ω j ) with base genus j such that each X j has a symplectic divisor with the graph the same as D j . We first take (X j , ω j ) to be the product manifolds (S 2 × Σ j , ω j ) with a product symplectic structure, where Σ j is a symplectic genus j surface. Let C j 1 be S 2 × {p j } for some p j ∈ Σ j . For each j, take two disjoint copies of {point} × Σ j and 2(n − j) + 1 disjoint copies of S 2 × {point} different from C j 1 . By resolving this configuration, we get a symplectic surface C j 2 of genus 2n intersecting C j 1 positively transversally twice with self-intersection 8(n − j) + 4. Since K is assumed to be less than or equal to 4, by blowing up C 
admits concave neighborhood P (D j ) capping its contact boundary. Therefore, there exist a sufficiently large t such that we can cut out (P (D j ), ω j ) from (X j , ω j ) and glue it back (P (D 0 ), tω 0 ) for any j by inserting part of a symplectization. Hence, (P (D 0 ), tω) can be embedded in a ruled manifold of genus j, for any 0 ≤ j ≤ n. As a result, the first half of the Lemma follows.
To show that g max (P ) = n, we recall that if P is embedded in a closed symplectic manifold (X, ω), then X is ruled and C 1 represents a fiber class ( [26] ). Therefore, the fact that [C 2 ] · [C 1 ] = 2 implies the projection of C 2 to the base has degree 2. Hence, the base genus is less than n + 1 by Riemann-Hurwitz's formula.
Application to Fillings
In this section, we give topological constraints for fillings of uniruled contact 3-manifolds.
Given a uniruled contact manifold (Y, ξ), we define the uniruled complexity c u (Y, ξ) of (Y, ξ) to be the infimum of g max (P ) over all possible uniruled caps (P, ω P ) of (Y, ξ).
For example, if (Y, ξ) is planar and strongly fillable, then c u (Y, ξ) = 0 by Corollary 2.11. In particular, it coincides with the supporting genus of (Y, ξ). On the other hand, (T 3 , ξ std ) is not planar (the unique Stein filling is not negative definite) but c u (T 3 , ξ std ) = 0 by Corollary 2.12. Therefore, the class of contact manifolds having c u = 0 is strictly larger than that of supporting genus being zero.
Strong Fillings
The proof of the second half of Theorem 1.2 follows immediately from the following Proposition. Proposition 2.16. Let P be a uniruled cap of a contact 3-manifold (Y, ξ), and let N be a strong filling of (Y, ξ). Then the following hold.
If P 2 is any other uniruled cap of (Y, ξ),
Proof of Proposition 2.16. (second half of Theorem 1.2) We continue to use the notation from the proof of Proposition 2.2. Since X is ruled, (e + σ)(X) only depends on the base genus of X, and hence (e + σ)(X) ∈ [−4g max (P ) + 4, −4g min (P ) + 4] . By Novikov additivity, (e + σ)(N ) = (e + σ)(X) − (e + σ)(P )
Here note that b 0 2 (Z) ≤ b 1 (∂Z) for any compact connected oriented 4-manifold Z with boundary, where b 0 2 (Z) denotes the maximal dimension of subspaces of H 2 (Z; R) whose intersection from is represented by the zero matrix (This can be seen from the long exact sequence for the pair (Z, ∂Z) as follows. By the argument of Solution of Exercise 5.3.13(f) in [22] , it follows that b 0 2 (Z) is the rank of the kernel of the homomorphism
On the other hand, let P 2 be another uniruled cap of (Y, ξ). Let N min and N max be two strong fillings of (Y, ξ) such that the glued manifolds P ∪ N min and P ∪ N max realize g min (P ) and g max (P ), respectively. One can easily see that difference of the base genus between the glued manifolds P 2 ∪ N min and P 2 ∪ N max equals g max (P ) − g min (P ). Therefore, g ∆ (P 2 ) ≥ g ∆ (P ). By symmetry, g ∆ (P ) = g ∆ (P 2 ). The fact that c u (Y, ξ) ≥ g ∆ (P ) follows by definition. We remark that Proposition 2.16 implies that g ∆ (P ) is an invariant of (Y, ξ) so we also denote it as g ∆ (Y, Remark 2.19. (Relation to some known finite type contact manifolds) Now, we are ready to see how uniruled cap fits in the picture of some known finite type contact manifolds. In [17] , [33] , [43] , [24] , [23] , [45] and [30] , those finite type manifolds have symplectic caps with a non-negative self-intersection symplectic sphere. These are uniruled caps after a symplectic deformation, by Lemma 2.6. In [37] , Ohta and Ono give some finite type contact manifolds, which is boundary of the ones in Example 2.13. In [51] , Wendl shows that minimal strong filling of (T 3 , ξ std ) is unique up to symplectic deformation. We have seen in Corollary 2.12 that (T 3 , ξ std ) also admits a uniruled cap. In [36] , their cap has a symplectic genus g surface (g ≥ 1) with selfintersection greater than 2g − 2, hence can be deformed to be a uniruled cap (Lemma 2.6). The caps used in [9] also belong to one of the above families.
Stein Fillings
Proof of Corollary 1.4. Let (P, ω P ) be a uniruled cap of (Y, ξ) and (N, ω N ) is a Stein filling of (Y, ξ). Let (X, ω) be the glued manifold. Theorem 1.2 gives an upper uniform bound on e(N ) + σ(N ) and b Lemma 2.20. Any contact 3-manifold of finite type (resp. strong finite type) admits at most finitely many simply connected Stein fillings (resp. minimal strong fillings) up to homeomorphism.
To prove this lemma, we introduce necessary definitions and a lemma. For an integral symmetric bilinear form Q : Z n × Z n → Z, let M Q be a matrix presentation of Q, and let G Q be the group presented by the matrix M Q (i.e. the cokernel of the homomorphism Z n → Z n given by M Q ). Note that G Q is independent of the choice of M Q . Let r Q , d Q be rank G Q and the number of elements of Tor (G Q ), respectively.
Though the lemma below might be known to experts, we give a proof since we could not find any reference.
Lemma 2.21. For any finitely generated abelian group G and any positive integer n, there exist at most finitely many isomorphism types of integral symmetric bilinear forms such that their matrix presentations present G and have the size n.
Proof. Let d denote the number of elements of Tor (G), and put r = rank G. We prove the claim by induction on the number r ≥ 0. The r = 0 case follows from the finiteness of isomorphism types of intersection forms with non-zero determinant. For this fact, see Theorem 1.1 in Chapter 9 of [11] . Note that d Q = det(M Q ) in this case.
Assuming the r = k ≥ 0 case, we prove the r = k + 1 case. The condition r ≥ 1 implies det(M Q ) = 0 for any intersection form Q with G Q ∼ = G. Therefore, there exist integral square matrixes A, B with size n and |det(A)| = |det(B)| = 1 such that AM Q B is a diagonal matrix which has a zero in a diagonal component. Using this fact, we easily see that there exists a primitive element x ∈ Z n satisfying Q(x, y) = 0 for any y ∈ Z n . As a consequence, Q has the orthogonal sum decomposition Q = Q| x ⊕ Q| H for some subgroup H of Z n . Since G Q ∼ = G Q| x ⊕ G Q| H , we see r Q| H = k. Therefore, the assumption on the induction shows the r = k + 1 case.
Proof of Lemma 2.20. Let (Y, ξ) be a contact 3-manifold of finite type (resp. strong finite type). The intersection form Q of any simply connected compact 4-manifold with the boundary Y satifies G Q ∼ = H 1 (Y ; Z) (cf. [22] ). By the assumption, there are only finitely many possible values of b 2 for Stein (resp. minimal strong) fillings of (Y, ξ). Therefore, according to Lemma 2.21, there are only finitely many possible intersection forms of such Stein (resp. minimal strong) fillings. According to a theorem of Boyer (Corollary 0.4 in [10] ), for a given connected oriented closed 3-manifold and an intersection form, there are at most finitely many topological types of simply connected 4-manifolds which realize the given boundary and the intersection form. Therefore the desired claim follows.
For Stein fillings, we can also define the corresponding g Stein max , g Stein min and g Stein ∆ , analogous to g max , g min and g ∆ , in the obvious way. Clearly,
We obtain concrete bounds on e + σ of Stein fillings, which might be helpful to classify Stein fillings.
Corollary 2.22. Suppose (Y, ξ) admits a uniruled cap P . Then for any Stein filling N of (Y, ξ), the following inequalities hold.
Stein min (P ), where α(P ) = 4 − (e + σ)(P ), and ⌊r⌋ denotes the maximal integer less than or equal to r.
Proof. Let N be a Stein filling of (Y, ξ), and let X be the closed uniruled 4-manifold obtained by gluing X and P along (Y, ξ). Since any Stein filling has a handle decomposition which consists of 0-, 1-and 2-handles, and b 1 of any uniruled manifold is even, we obtain b 1 (X) ≤ 2⌊ b 1 (P ) 2 ⌋. Therefore, the claim follows from the fact (e + σ)(N ) = (e + σ)(X) − (e + σ)(P ).
In particular, we have the following extension of Corollary 1.3.
Corollary 2.23. Suppose (Y, ξ) has a cap P which is uniruled. Assume further b 1 (P ) ≤ 1. Then e + σ of a Stein filling of (Y, ξ) does not depend on the choice of the Stein filling.
Proof. This clearly follows from Corollary 2.22.
Remark 2.24. We are not aware of any contact manifolds with finitely many Stein fillings but e + σ is not constant. Similarly to uniruled caps, any strong filling glued with an adjunction cap gives rise to a closed uniruled manifold (Baykur informed us that he is aware of this statement but we can not find an explicit reference so we present an argument here).
Adjunction Caps
Proposition 2.26. Suppose a contact 3-manifold (Y, ξ) admits an adjunction cap (P, ω P ). Then for any strong symplectic filling N of (Y, ξ), the closed symplectic 4-manifold obtained by gluing P to N along (Y, ξ) is uniruled (i.e. rational or ruled), and N satisfies b + 2 = 0. Proof. Let be (P, ω P ) be an adjunction cap. Let the ambient glued manifold be (X, ω) as before and we want to show that (X, ω) is a uniruled manifold. Let S be the smoothly embedded surface in P such that s = [S] 2 ≥ max{2g− 1, 0}. If S is a sphere and [S] 2 = 0, we have that [S] represents a non-trivial class in H 2 (X, Q) by Mayer-Vietoris sequence. Hence, X is uniruled, by Corollary 2 of [28] .
If [S] 2 = 0, by Theorem A in [27] , there is a positive integer n such that n[S] is represented by an embedded connected ω ′ -symplectic surface C, which minimizes the genus, for some symplectic form ω ′ . The genus g C of C is given by
Notice that n[S] has another smooth representative T given by taking n − 1 perturbation of S with positive distinct intersections and smoothing out the intersection points. The genus of T is given by g T = ng +
If X is not uniruled, we have [c 1 (X)] · [C] < 0 and thus g T < g C . Contradicting to C minimizing the genus. Therefore X is uniruled.
Since P is a cap, we must have b + 2 (P ) ≥ 1. Therefore X being uniruled implies b Hence we can similarly introduce the maximal base genus g max (P ), minimal base genus g min (P ), base genus difference g ∆ (P ) as well as the surface genus g s (P ), for an adjunction cap. Moreover, for fillings of the boundary, adjunction caps share all the properties of uniruled caps. Proof. Once we know that X is uniruled, we use the reasoning as in the proof of Theorem 1.2 to conclude that the base genus of X is bounded above by the genus of a smoothly embedded surface in P whose self-intersection number is positive. Thus there is a bound on the number of possible values of b 1 (X) and e(N ) + σ(N ). All the other implications follows by the same reasoning possibly except Corollary 2.3, which is trivial for adjunction caps.
Remark 2.28. Here we give an alternative simple proof of the Wand's result Corollary 1.3. This proof can be extended to contact 3-manifolds admitting adjunction cap with b 1 ≤ 1. We note that any minimal strong filling of a planar contact 3-manifold is a Stein filling ( [51] ).
By [17] , it is easy to see that any planar contact 3-manifold has a simply connected adjunction cap. Therefore, the closed symplectic 4-manifold obtained by gluing the cap to a given Stein filling is simply connected. Since this manifold violates the Seiberg-Witten adjunction inequality, this closed manifold has b + 2 = 1. Therefore, e + σ of the closed manifold is independent of the choice of the Stein filling. Since e + σ of the closed manifold is the sum of those of the Stein filling and the cap, the desired claim follows.
We will see in the next subsection, many uniruled caps are adjunction caps and vice versa. It is possible that these are in fact the same notion. For topologists, adjunction caps are often easier to find than uniruled caps.
Concrete Examples with Open Book Descriptions
For practical use, we want to have families of uniruled/adjunction examples with concrete descriptions in terms of Lefschetz fibration and open book decompositions. We refer to [22] and [41] for basics of Lefschetz fibrations, open books and their relations to Stein fillings and contact structures. For constructions of caps, the readers can consult [40] .
Throughout the whole paper, we use the following notation. Let Σ k g be a compact connected oriented surface of genus g with k boundary components, and let Map(Σ k g ) be the mapping class group of Σ k g , i.e. the set of isotopy classes of self-diffeomorphisms of Σ k g which preserve orientations and fix the boundary ∂Σ k g pointwise. We put Σ g = Σ 0 g . We denote by δ 1 , δ 2 , . . . , δ k the boundary parallel curves of Σ k g . For a curve C in Σ k g , let us denote the positive (i.e. right handed) Dehn twist along C by t C .
The following result provides us many examples of uniruled/adjunction caps (with b 1 ≤ 1). We thus obtain many contact 3-manifolds of finite type (such that e + σ of their Stein fillings are constant, by Corollary 1.4 and Corollary 2.23). 
admits a cap which is uniruled and adjunction. Furthermore, the fundamental group of the cap is the quotient group π 1 (Σ g )/ C 1 , C 2 , . . . , C n , where C 1 , C 2 , . . . , C n is the normal closure of the subgroup generated by these curves.
Note that the relations in Map(Σ k g ) obtained by [25] , [39] and [47] give us many concrete examples of Stein fillable contact structures satisfying the above assumption. Furthermore, there are non-planar contact 3-manifolds satisfying the assumption (e.g. the Stein fillable contact structure on T 3 . See [48] . cf. [55] )
To prove the above result, we recall how to construct a closed Lefschetz fibration of genus g over S 2 by attaching some smooth 4-manifold to a Lefschetz fibration over D 2 with bounded fiber (cf. [22] ). Let X be a Lefschetz fibration over D 2 with fiber Σ k g whose induced open book on the boundar ∂X is (Σ k g , t
. By attaching a 2-handle to each binding component of the open book with page framing 0, we get a Lefschetz fibration X ′ over D 2 with closed fiber Σ g . By gluing Σ g × D 2 to X ′ , we obtain a closed Lefschetz fibration X of genus g over S 2 .
In terms of handles, the last gluing corresponds to the following operation. We first attach a 2-handle to X ′ along a meridian of the attaching circle of the each 2-handle attached to X. The Seifert framings of these 2-handles are −i 1 , −i 2 , . . . , −i k , respectively. We then attach k 3-handles and one 4-handle to the resulting 4-manifold.
Let LF g,k,I be the smooth 4-manifold X − int X for I = (i 1 , i 2 , . . . , i k ), and put LF g,k = LF g,k, (1,1,...,1) . This is the neighborhood of a regular fiber and pairwise disjoint sections of X. In particular, LF g,k,I is a plumbing of Σ g × D 2 and D 2 -bundles over S 2 with Euler numbers −i 1 , −i 2 , . . . , −i k .
Let (Y g,k,I , ξ g,k,I ) be the contact 3-manifold supported by the open book decomposition (Σ k g , t
) of the boundary of X, and put (Y g,k , ξ g,k ) = (Y g,k,(1,1,...,1) , ξ g,k,(1,1,...,1) ). We see a symplectic structure on LF g,k compatible with this contact structure using Gay's cap.
Lemma 2.30 (cf. Gay [19] , [20] ). For any g ≥ 0 and k ≥ 1, LF g,k admits a symplectic structure such that the contact structure on the concave boundary is isomorphic to (Y g,k , ξ g,k ) . Furthermore, the suface of genus g and the spheres in the plumbing are symplectic submanifolds.
Proof. Gay ([19] , [20] ) constructed a symplectic cap structure on the D 2 -bundle over Σ g such that the boundary contact structure is supported by the open book (
. Furthermore, it contains a symplectic surface of genus g with the self-intersection number k. From his construction, it is easy to see that Gay's cap (say G g,k ) is obtained from Y g,k × [0, 1] by attaching a 2-handle to Y g,k × {1} along each binding component of the open book with page framing +1 and then attaching 3-handles and a 4-handle to the resulting boundary. By blowing up this cap at k points, we obtain a plumbing of symplectic surface of genus g with self-intersection 0 and k spheres with self-intersection −1. By sliding the aforementioned each 2-handle of G g,k over the −1-framed unknot corresponding to the 2-handle of each CP 2 , we easily see that G g,k #kCP 2 has the same handle decomposition as LF g,k , since 3-and 4-handles are attached uniquely.
Remark 2.31. This proof tells that 2-handles of LF g,k and G g,k # k CP 2 are attached to Y g,k along the same framed link.
Proof of Proposition 2.29. We assume C 1 , C 2 , . . . , C n are homotopically nontrivial. The argument also provides a proof of the case where C 1 , C 2 , . . . , C n are homotopically trivial. If some C i is homologically trivial (thus separating) curve, then we easily see that t C i is a composition of positive Dehn twists along non-separating curves using Lemma 21 in [49] . Therefore we may assume each C i is homologically non-trivial.
Let (W = Y × [0, 1], ω) be a symplectization of (Y, ξ). We note that Y × {0} and Y × {1} are concave and convex boundary of W , respectively. By the Legendrian realization principle and folding, we may assume that C 1 is a Legendrian knot in a page of the open book (Σ k g , ϕ) of Y × {1} (see [1] , [42] ). We then attach a symplectic 2-handle to W along C 1 . The resulting convex boundary is supported by the open book (Σ k g , t C 1 • ϕ). Repeating this process, we obtain a compact symplectic 4-manifold (W ′ , ω ′ ) such that the concave boundary is (Y, ξ) and that the convex boundary (
. By Lemma 2.30, we can glue the cap LF g,k to W ′ so that the resulting symplectic manifold (W ′′ , ω ′′ ) is a cap of (Y, ξ).
Since Lemma 2.30 says that W ′′ contains a symplectic surface of genus g with self-intersection k(≥ 2g − 1) after blowing down, W ′′ is both uniruled and adjunction due to Lemma 2.6 and the adjunction formula. Furthermore, by the proof of Lemma 2.30 and this constuction, it is easy to see that W ′′ is obtained from LF g,k by attaching 2-hanldes along each vanishing cycle
Using our building blocks LF g,k,I and (Y g,k,I , ξ g,k,I ), we can construct more interesting examples. The next example tells us that e + σ of Stein fillings of a fixed contact 3-manifold are not necessarily constant even if it is the concave boundary of an uniruled, adjunction cap. To find this example, we observe the following Lemma.
Lemma 2.33. For each g ≥ 0 and k ≥ 1, there exists a Stein filling N g,k of (Y g,k , ξ g,k ) such that the glued symplectic 4-manifold N g,k ∪ LF g,k is a closed uniruled 4-manifold with b 1 = 2g.
Proof. Let N g,k be the Lefschetz fibration over D 2 with fiber Σ k g whose monodromy factorization is t δ k • · · · • t δ 1 . Then N g,k is a Stein filling of (Y g,k , ξ g,k ) (see [2] , [1] , [42] ). It is easy to see that the glued closed 4-manifold is smoothly diffeomorphic to the genus g Lefscetz fibration over S 2 whose vanishing cycles are all trivial curves. Therefore, the closed manifold is uniruled and has b 1 = 2g.
We can now easily construct the desired example. Tanaka [47] ) for each g ≥ 1. Furthermore, he proved that the factorization in Map(Σ g ) is a monodromy factorization of a genus g Lefschetz fibration over S 2 whose total space is diffeomorphic to CP 2 #(4g + 5)CP 2 . Since the vanishing cycles of the Leschetz fibration are non-separating in Σ g , the curves appearing in Tanaka's factorization are all homotopically non-trivial in Σ 4g+4 g . By capping off boundary components, we immediately get such a factorization of
) for each 1 ≤ k ≤ 4g + 4. Let X g,k be the Lefschetz fibration over D 2 with fiber Σ k g which has this monodromy factorization. By these observations, we see that X g,k is a Stein filling of (Y g,k , ξ g,k ) and that the glued symplecic 4-manifold X g,k ∪ LF g,k is diffeomorphic to CP 2 #(4g + 5)CP 2 . Since (e + σ)(LF g,k ) = 3 − 2g and (e + σ)(CP 2 #(4g + 5)CP 2 ) = 4, it follows (e + σ)(X g,k ) = 1 + 2g. On the other hand, direct computation shows that the Stein filling of (Y g,k , ξ g,k ) in Lemma 2.33 satisfies e + σ = 1 − 2g. Since (Y g,k , ξ g,k ) admits a uniruled/adjunction cap in the case k ≥ 2g − 1, the desired claim follows.
Remark 2.34. It seems to be unknown whether LF g,k,I (I = (1, 1, . . . , 1)) can be a symplectic cap of (Y g,k,I , ξ g,k,I ). As seen from the constructions in this section, such a symplectic structure on LF g,k,I is very useful for constructions of various caps via Lefschetz fibrations. We remark that, in the case where the intersection form of LF g,k,I has non-zero determinant, LF g,k,I becomes a symplectic cap of some strongly fillable contact structure on Y g,k,I . This follows from Theorem 2.9 above and Theorem 10.2.18 in [22] , since each LF g,k,I is the neighborhood of a regular fiber and pairwise disjoint sections of a Lefschetz fibration.
The example below tells us that a cap which is symplectically embedded into a uniruled 4-manifold is not necessarily uniruled or adjunction.
Example 2.35. There exists a cap P of a contact 3-manifold (Y, ξ) satisfying the following: (Y, ξ) admits two Stein fillings N 1 and N 2 such that the glued symplectic closed 4-manifold N 1 ∪ P (resp. N 2 ∪ P ) is uniruled (resp. not uniruled). Consequently, the cap P is neither uniruled nor adjunction.
To construct such an example we use the following fact: for each g ≥ 2, t δ 1 ∈ Map(Σ 1 g ) has a factorization into positive Dehn twists along nonseparating (thus homologically non-trivial) curves such that the genus g Lefschetz fibration over S 2 given by this factorization satisfies b + 2 > 1 (e.g. M C II in Section 4 of [14] ). Therefore, the factorization gives a Stein filling X g,1 of (Y g,1 , ξ g,1 ) (g ≥ 2) such that the glued symplectic closed 4-manifold X g,1 ∪ LF g,1 is not uniruled, since X g,1 ∪ LF g,1 is diffeomorphic to the above Lefschetz fibration. The caim thus follows from Lemma 2.33. Using Theorem 2.9, it is easy to determine when a symplectic divisor having a concave neighborhood is a Calabi-Yau cap. Example 3.2 represent a symplectic divisor with genus of central vertex being g and genra of the other being 0. They have self-intersection numbers 2g − 2, −2, −2 and −2, respectively. If g ≥ 1, the intersection matrix is not negative definite and hence there is a choice of symplectic form making is a concave divisor by Theorem 2.9. By adjunction formula, it is easy to see that this concave neighborhood is a Calabi-Yau cap. This configuration can be found in a rational manifold so the boundary of this cap is strongly fillable.
Example 3.2.
• −2
In this section, all fillings are Stein fillings except specifically stated otherwise. We start with the analogue of Corollaries 1.4 and 1.5.
Theorem 1.6 and Theorem 1.7
Proof of Theorem 1.6. The key of the proof is by observing that gluing any Stein filling with a Calabi-Yau cap results in a minimal symplectic CalabiYau or a uniruled manifold.
We first establish the first bullet. Now, suppose (P, ω P ) is a Calabi-Yau cap. In particular, [c 1 (
From the proof of Proposition 2.2, we can conclude that
Therefore, after applying symplectic blowdowns to all the exceptional spheres in X, the minimal model of X has non-negative pairing for the first Chern class and the class of symplectic form. As a result, X is either uniruled or it is minimal with Kodaira dimension 0.
If X is minimal with Kodaira dimension 0, the bounds on minimal Kodaira dimension 0 manifolds [29] give a uniform bound on the Betti numbers. If X is uniruled, we find an embedded surface representative of cP D([(ω P , α P )]) for some positive real number c as in the proof of Proposition 2.16, by possibly perturbing [(ω P , α P )]. Then, the genus of the representative induces a uniform bound on e(N ) + σ(N ), and thus uniform bounds on Betti numbers by Theorem 1.4 in [46] again.
The second bullet, as in the uniruled case, follows from the first bullet and Lemma 2.20.
The following proposition illustrates that Theorem 1.6 is not true for Calabi-Yau caps if we replace Stein fillings with strong fillings. Theorem 1.7 clearly follows from this proposition. Proof. Let (T 4 , ω) be the four torus equipped with the quotient symplectic form induced by the standard syplectic form on R 4 quotient by Z 4 . We can write ω as dx∧dy +dz ∧dw. Then there is a Lagrangian torus corresponding to x, z coordinates and one corresponding to y, w coordinates. Take a comb configuration of Lagrangian and smooth out the intersection points, we can obtain any genus g Lagrangian with g ≥ 1. In particular, we can embed L into T 4 as a Lagrangian submanifold. Let U be the unit cotangent disk bundle and identify it with a neighborhood of L. Then, the complement of the interior of U gives a Calabi-Yau cap for Y . By Theorem 1.6, Y is of finite type.
We note that U is a Stein filling of Y since it is a Weinstein filling (See Example 11.12 (2) of [12] ) and hence Stein (See Theorem 13.5 of [12] ).
However, Y has a semi-filling, call it W , with disconnected contact boundaries (Theorem 1.1 in [34] ). We can cap off the other boundary of W by caps with arbitrarily large b + 2 (See e.g. [18] ). Hence, after blowing down the exceptional spheres, W and these various caps can be glued together to give minimal strong fillings of Y with arbitrarily large b One should compare the proof above with the argument in [38] , where they also use a semi-filling to construct infinitely many strong fillings. It is not hard to see that the proof also implies that Y does not have a uniruled cap, otherwise it will contradict to Theorem 1.2. It would be interesting to find more contact manifolds that has contact embedding into a closed symplectic Calabi-Yau (c 1 being torsion) but does not have a uniruled cap.
Calabi-Yau Caps via Lefschetz Fibration
In parallel, we can also give many examples of Calabi-Yau caps using concrete description of Lefschetz fibration and open book decomposition. A simple family of examples of Calabi-Yau caps are the D 2 -bundle over Σ g with Euler number 2g − 2 (g ≥ 2) which is the aforementioned Gay's cap G g,2g−2 , and the concave boundary contact structure is supported by the open book (Σ 2g−2 g , t δ 2g−1 • · · · • t δ 1 ). Note that G g,2g−2 contains a symplectic surface of genus g with the self-intersection number 2g − 2.
The next proposition gives us many examples of Calabi-Yau caps (with b 1 ≤ 1). One can construct many examples of Stein fillable open books satisfying the assumption below by using monodromy descriptions of a Lefschetz fibration structure on K3#2CP 2 (see [22] , [44] and [49] ). 
Suppose that there exist simple closed curves C n+1 , C n+2 , . . . , C m (m ≥ n) in Σ k g satisfying the following conditions.
•
• The genus g Lefschetz fibration over S 2 with monodromy factorization
Then (Y, ξ) admits a Calabi-Yau cap whose fundamental group is the quotient group π 1 (Σ g )/ C n+1 , C n+2 , . . . , C m .
Proof. By the assumption, the genus g Lefschetz fibration Z over S 2 has k sections with self-intersection −1. Let X denote the blow down of Z along these sections. Since Z is diffeomorphic to the blow up of a symplectic Calabi-Yau 4-manifold, and sections are a symplectic submanifold of some symplectic structure on Z, the uniqueness of minimal model shows that c 1 (X) of the symplectic structure on Z is torsion.
Similarly to the proof of Proposition 2.29, we can construct a cap of (Y, ξ) using the Lefschetz fibration on Z. After blowing down k exceptional curves of LF g,k embedded in the cap, we see that the resulting cap C Z is a symplectic submanifold of X. Therefore c 1 (C Z ) is torsion, and hence C Z is a Calabi-Yau cap. Since the blowing down preserves the fundamental group, the rest of the claim follows.
The corollary below might be helpful for future use. Though there are examples of the following Lefschetz fibrations (cf. [44] ), their monodromy descriptions seem to be not known. • t Cm • t C m−1 • · · · • t C 1 = t δ 2g−2 • t δ 2g−1 • · · · • t δ 1 .
• C 1 , C 2 , . . . , C m are homotopically non-trivial in Σ g .
• The genus g Lefschetz fibration over S 2 with monodromy factorization t Cm • t C m−1 • · · · • t C 1 is not an uniruled 4-manifold.
Proof. By the assumption, the Lefschetz fibration is relatively minimal. According to Sato's Theorems 5-3 and 5-12 in [44] , the Lefschetz fibration is diffeomorphic to a symplectic Calabi-Yau manifold blown up at 2g−2 points. Therefore, the claim follows from the above theorem.
The analogue of Example 2.32: The corresponding example of a CalabiYau cap (of a different contact 3-manifold) also exists. In the k = 2g − 2 case, Lemma 2.33 tells that there exists a Calabi-Yau cap which can be symplectically embedded into a uniruled 4-manifold.
Further Discussion
This subsection is devoted to a general discussion for possible future study. The proof of Corollary 1.4 fails for the conjecture because we rely on Stipsicz result on bounding the topological complexity. In the proof of his result, the main step is that any Stein domain can be symplectically embedded into a minimal compact complex surface of general type. If one can prove that any minimal strong symplectic filling can be symplectically embedded into a closed minimal symplectic manifold of general type, then it is possible that Conjecture 4.1 will follow. Conjecture 4.2. All prime contact manifold of finite type (or strong finite type) have a sequence of caps (P n , ω Pn ) such that [c 1 (P n )] · [(ω Pn , α Pn )] converges to a non-negative number.
This conjecture is based on the philosophy that properties that are not constrained by pseudo-holomorphic curve should be flexible and [c 1 (P )] · [(ω P , α P )] = 0 can be thought of as the limiting case where pseudo-holomorphic curve gives constraint on the symplectic manifold.
On the other hand, there are several nice properties about planar open book that one can ask whether it can be generalized to contact manifolds that admit uniruled caps. For example, any strong filling of a planar open book admits a symplectic Lefschetz fibration structure (after certain modification [51] ) compatible with a fixed open book on the boundary. It would be interesting to know whether it is true for boundary of uniruled caps. Another interesting question is to look at how planar torsion [52] is related to contact manifolds that admits a uniruled cap. In general, one can ask whether a non-fillable contact manifold that admits a uniruled cap is strong symplectic cobordant to an overtwisted contact 3-manifold as in [53] .
Another natural question would be to give a sharper bound for the genus of a uniruled cap and to give an example that a uniruled cap can really sympelctically embedded into ruled manifolds with many different base genus with Stein complement.
Finally, we are also interested in the study of contact embeddings into closed uniruled or symplectic Calabi-Yau manifolds. A contact embedding into a uniruled manifold always separate ( [54] ). It is interesting to know when it gives a uniruled cap. From this point of view, Calabi-Yau cap might be more convenient to be used as any separating contact embedding in to a closed symplectic Calabi-Yau gives a Calabi-Yau cap.
